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Digital twins: unifying different tasks
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e dynestyx is a probabilistic programming library for dynamical
systems

e A unified interface: write the model once, then simulate, infer states,
infer parameters, or control

» Provides state-of-the-art methods for Bayesian inference in
dynamical systems

o Allows researchers to easily swap one component for another,
without rebuilding the entire model

e In development: we want to understand what is useful to the
community

Waxman, D., Batenkov, D., Feser, ]., Zane, A., Bingham, E., Marzouk, Y., & Levine, M. E. (2026). Dynestyx: A probabilistic programming library for dynamical
systems (arXiv:2606.16985). arXiv. https://doi.org/10.48550/arXiv.2606.16985



State space models as a formalism

e Astate z; € R%, in continuous or discrete time, with z, ~ p(z)
 Noisy, partial observations y; € R%, in discrete time
e Unknown parameters ¢ € R%

e Controls u;: recorded inputs, or chosen online by a policy

transition density drift diffusion
>, - i,

xy ~ p(xy | x4_1,u,0) or dxy = fo(ay, us, t) dt + go(ze, t) AW,
Yi ~ p(yt | Lty Uty 9)

e Special cases: ODEs, SDEs, discretized PDEs, and black-box simulators



Four problems, one model

Problem Target Methods in dynestyx
Simulation zo.r, Y17 ~ p(- | u1.7,0) ODE/SDE solvers, external simulators
State inference oz | Y16, 0124, 6) KF, EKF, UKF, EnKF, particle filters, smoothers

NUTS, SVI, MAP estimation, pseudo-marginal MCMC, gradient-

Parameter inference p(@ | y1.7, u1.7) R s -

Control uy = w(Pg_1) Feedback, learned policies, MPPI, your own controller

e These tasks are inter-related:
= Parameter inference can use filters for better scalability

= A model predictive controller can call the simulator
= A controller can use a filter for decision making under uncertainty

» Control needs system identification



Dynestyx is a probabilistic programming language

e Like a normal programming language, but the variables are random
variables...

= Orin our case, dynamical systems

Built on NumPyro: can leverage its inference methods
Written in JAX (scalable + GPU + autodiff)

“Separation of concerns”: model code describes a mathematical ideal, and
all approximations come after

Keeping the two apart enables Bayesian workflow: write a model, run
inference, check it, refine



Building a dynestyx model

e We write down an idealized version, from the mathematical description

e Write down the uncertain parameters: ¢

def model(obs_times=None, obs_values=None, predict_times=None):
dynamics = dsx.DynamicalModel(
initial_condition=dist.MultivariateNormal(
jnp.zeros(1l), jnp.eye(l)),
state_evolution=dsx.ContinuousTimeStateEvolution(
drift=lambda x, u, t: jnp.sin(x),
diffusion=dsx.ScalarDiffusion(1.0, bm_dim=1),

Iy NN(O, 1)

dz; = sin(z,;) dt + dW;

),
~ N(s,0.12) observation_model=dsx.LinearGaussianObservation(
Yt By H=jnp.eye(1l), R=0.1x*2 x jnp.eye(l)),
)
dsx.sample("f", dynamics, obs_times=obs_times,

obServe gy at tyr obs_values=obs_values, predict_times=predict_times)



A dynestyx model from the ground up

e We write down an idealized version, from the mathematical description

e Write down the uncertain parameters: ¢

def model(obs_times=None, obs_values=None, predict_times=None):

6 ~ HalfNormal(0.5) theta = numpyro.sample(“theta", dist.HalfNormal(@.5))
dynamics = dsx.DynamicalModel(
initial_condition=dist.MultivariateNormal(
Iy NN(O, 1)

jnp.zeros(1l), jnp.eye(l)),
state_evolution=dsx.ContinuousTimeStateEvolution(
e drift=lambda x, u, t: theta * jnp.sin(x),
dz, = Osin(z;) dt + dW; diffusion=dsx.ScalarDiffusion(1.0, bm_dim=1),
),

observation_model=dsx.LinearGaussianObservation(

P 2
yr ~ N(21,0.1%) H=jnp.eye(1l), R=0.1x*2 x jnp.eye(l)),

)
dsx.sample("f", dynamics, obs_times=obs_times,

observe yr atty.r obs_values=obs_values, predict_times=predict_times)

e One model, three questions of increasing difficulty:
e Simulate: zo.r ~ p(zo.r | €)
o Estimate states: p(z: | y1+,?)

» System identification: p(¢ | y1.7)



Simulation

Step 1 of 3: @ known, draw trajectories

e Fix # =1 and sample zg.r ~ p(zo.r | #) and yx ~ N (z4,,0.12)

 In the backend, we can call state-of-the-art integrators from diffrax

with dsx.Simulator():
sim = Predictive(model, params={"theta": 1.0},
num_samples=6) (key, predict_times=ts)
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The only variability is aleatoric uncertainty.



State estimation

Step 2 of 3: 8 known, recover the unobserved state

predict: p(z | yrx-1,0) = f‘P(iﬂk | 2x—1,0) p(zr-1 | Yr:6-1,0) dtp—1
update: p(zk | y1x,0) o< p(y | zk, 0) p(zk | Y1:6-1,0)

¢ Call state-of-the-art filters from cuthbert and cd-dynamax (Kalman filter, EnKF, ...)

with Filter(EnKFConfig(n_particles=400, ...)):
with Discretizer(EulerMaruyamaConfig()):
out = Predictive(model, posterior_samples={"theta": theta}) (
key, obs_times=ts, obs_values=ys)

Ao It
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Observations every 0.5 s. Black: truth. Orange: filter mean =+ 2 sd.



System identification
Step 3 of 3: 6 unknown, two ways to do inference

Sample the latent states

T
p(ur |6) = [ pleo) [] (o | 01,0001 | 21-1,6) dao
k=1

Filter as an approximate likelihood

T
p(yur | 0) = pr(yk | @, 0) p(@k | Y11, 0) dp
k=1

with Filter(EnKFConfig(...)):

with LatentPathBuilder():
with Discretizer(): with Discretizer():
mcmc = MCMC(NUTS (model), ...) meme = MCMC(NUTS(model), ...)

e Use the Filter to compute approximate

e Can work well for small problems
likelihoods instead

» Difficult to scale to high dimensions
e We get the filtered states for free
i prior
+ exact 351
- filter + NUTS
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Same model, swap the method

Change the methods without rebuilding the model each time

Simulate: Euler to Runge-Kutta
Tn+l = Tn + hf(mn) 4 AWn
Tpil = Ty + %(f(mn) + f({i:n—kl)) + AWﬂ

Filter: Gaussian or particles
p(zk | Y1k, 0) = N (my, Pr)
P(-’Ek | Y1:k, 9) ~ Zi w}c 633}:

Inference: MCMC, variational, MAP
0% ~ p(6 | yr.1)

ming KL(g4(9) || (¢ | yr.7))

argmaxy p(¢ | yr.r)

solver = dfx.Euler() # swap for dfx.Heun()

with SDESimulator(SDESimulatorConfig(solver=solver, ...)):

sim = Predictive(model, ...)(key, predict_times=ts)

config = EnKFConfig() # swap for EKFConfig(), PFConfig()
with Filter(config):
with Discretizer():

mecme = MCMC(NUTS(model), ...)
mcmec = MCMC(NUTS (model), ...) # MCMC
svi = SVI(model, AutoNormal(model), ...) # variational
svi = SVI(model, AutoDelta(model), ...) # MAP

State-of-the-art backends underneath: cuthbert, diffrax, NumPyro, BlackJAX



What about control?

Discrete time closed loop control in dynestyx

The system, with a control The closed loop, k =0,...,N — 1
dﬂ'}t = (8 sin(a:t) + ’U,tk) dt + dm, te ]:tk, tk+1) Uy, = 7['(.{, )
Yy, ~ N(mikv 012) Tir ™ p(mtkﬂ | Lty Uty 6)
Goal: hold z; at the unstable point 0, with ¢ =1 Yt ™ P_(yﬁm | mtmng)

Unknown state: the policy sees the filtered state

result = dsx.simulate(dynamics, rng_key=key, predict_times=ts,
control_policy=policy,

no control — true x; filter mean

= 1 o~ WA “AA TN AN y ;.F:‘*\ A «ﬁ[\ N M\k ™~ A r A .
& o fﬂ\-f Ay f/’V \ f/pk\'\&/f‘\ v AA/ '*_\ffb \ Vi \'\\f\/\_f‘z:"’-ws‘-"\-ff A N J“f W Y, \ /\\jﬁ




Optimizing the controller

The closed loop is differentiable, so gradients flow through
1
mnE| =3 2 +01u |, u, =-K&,
K [N ; ]

def cost(K, key):
result = dsx.simulate(dynamics, rng_key=key,
.., control_policy=LinearPolicy(K))
X, u = result.states, result.controls
return jnp.mean(x**2) + 0.1 *x jnp.mean(ux*2)

grad = jax.grad(cost) (K, key)

We learn the optimal K

- jnitial K=0.1 - learned K=3.37




Going beyond toy models

High dimensional systems and robotics



PDE system identification: a hybrid model
Known diffusion, unknown reaction

True system

ou  Ou
5 Va2 T 1.1u(l — u)

z€(0,1), u(t0)=u(t1)=0, v=0.01

Hybrid model
a= vLpu + c¢(u)
N’ — e’

known diffusion learned reaction

Vi | u(tk) ~ N(l‘l(tk),O'SI)

e We learn the missing term with a Gaussian process (GP)

= Specifically, we use a Hilbert space GP (HSGP) approximation (solin & sarkka, 2020)

Solin, A., & Sarkka, S. (2020). Hilbert space methods for reduced-rank Gaussian process regression. Statistics and Computing, 30(2), 419-446. https://
doi.org/10.1007/s11222-019-09886-w



PDE system identification: a hybrid model

Fitted on t € [0, 1], then forecast to t = 2.5 with no observations

c = sample_hsgp() # GP prior for the reaction
dynamics = dsx.ContinuousTimeStateEvolution(
drift=lambda u, _, t: nu * Lh @ u + c(u))

guide = AutoMultivariateNormal(filtered_model, **guide_init)

Diffusion only

Diffusion + GP

0 0.25 0.5 0.75 1

X
— Mean =-=- Truth o

0 1

0 0.25 0.5 0.75 1

X
Latest obs. 50/80/95%
iS Forecast



PDE filtering: 3D Navier-Stokes

Reconstructing a turbulent flow from coarse, noisy measurements
Ou=vAu+ Au+P(ux w) +f, w=Vxu, V-u=0

e State: velocityuona 643 grid, z; € R 862 config = EnKFConfig(n_particles=7,

ensemble_subspace=True, ...

e Observed: noisy 16° grid, y, € R122%8 with Filter(config):
result = dsx.condition("u", dynamics,

o External solver (Exponax) with EnKF obs_times=ts, obs_values=ys)

True state Observation Filtered

)



Bring your own solver

e Up until now, every model was hand-written in JAX

But what if you want to run a solver (possibly outside JAX): contact physics, CFD, legacy codes...

We make it easy to communicate between dynestyx and external solvers

dynestyx only needs the transition, as a callable (z;_1,u, t,t') — s

Example: MujoCo (rodorov et al, 2012), an external solver for rigid bodies

def step(x, u, t_now, t_next):
X, u = layout.state.unflatten(x), layout.control.unflatten(u)
External Solver gpos, qvel = jax.pure_callback(
zy = (21, us;0) mujoco_stepper, shapes, x.qgpos, x.qvel, u, mu, mass,
vmap_method="broadcast_all")
return layout.state.flatten(MujocoState(qpos, qvel))

dynamics = DynamicalModel(
initial_condition=dist.Normal(x@, initial std).to_event(1l),
the model, as before state_evolution=DeterministicStateEvolution(F=step),
observation_model=observation_model,
control_dim=1layout.control.dim)

Todorov, E., Erez, T, & Tassa, Y. (2012). MuJoCo: A physics engine for model-based control. 20712 I[EEE/RS/ International Conference on Intelligent Robots and
Systems, 5026-5033. https://doi.org/10.1109/IR0S.2012.6386109



Doing Model Predictive control with MuJoCo

e MPPI (wiliams et a1, 2017) sampling-based model predictive control: sample candidates, weight them
and execute the first control

e Can use the same solver or a different one internally

» You can design your own controller

mppi = NormalizedMPPI(dynamics=dynamics, loss_fn=1loss_fn, horizon=horizon,
noise=AR1Noise(horizon, 4, rho=0.5), n_samples=128, ...)
result = dsx.simulate(dynamics, rng_key=key, predict_times=ts,
control_policy=mppi, use_true_state=True,
initial_policy_state=mppi.initial_state())

Controlled by MPPI Whole robot

Williams, G., Aldrich, A., & Theodorou, E. A. (2017). Model predictive path integral control: From theory to parallel computation. Journal of Guidance,
Control, and Dynamics, 40(2), 344-357. https://doi.org/10.2514/1.G001921



Doing state and system inference with MuJoCo

Online: u;, z:. Offline: 6
e We observe the robot’s joints only, the cube is hidden and we use the EnKF to recover it

Ground truth Observation Filtered belief

X

e The same filter gives the likelihood for system identification (optimized using Bayesian
optimization)

MAP estimate (pp = 0.520, m = 0.205) Prior mean (p, = 0.800, m = 0.525)

X

Truth MAP
Hh 0.5 0.520
m [kg] 0.2 0.205

Truth with green ghosts: rollout at the MAP
(left) and at the prior mean (right)

Work in progress: online control + state + parameter estimation
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Everything else we can do

Ensemble NUTS: EnKF likelihood + gradient-based MCMC (rovandi et al, 2022; Chen et al, 2022)

Learning filters via proper scoring rules (adrian et al, 2026; Bach et al, 2026)

Bayesian SINDy: sparse equation discovery (zrunton et al, 2016; Hirsh et al, 2022)

Also: neural networks in the drift, hierarchical models, HMMs with missing observations...

Compositional structure unlocks new methods

Drovandi, C., Everitt, R. G., Golightly, A., & Prangle, D. (2022). Ensemble MCMC: Accelerating pseudo-marginal MCMC for state space models using the
ensemble Kalman filter. Bayesian Analysis, 17(1). https://doi.org/10.1214/20-BA1251

Chen, Y., Sanz-Alonso, D., & Willett, R. (2022). Autodifferentiable ensemble Kalman filters. SIAM Journal on Mathematics of Data Science, 4(2), 801-833.
https://doi.org/10.1137/21M 1434477

Adrian, M., Sanz-Alonso, D., & Willett, R. (2026). Auto-differentiable data assimilation: Co-learning of states, dynamics, and filtering algorithms
(arXiv:2603.20891). arXiv. https://doi.org/10.48550/arXiv.2603.20891

Bach, E., Baptista, R., Brocker, )., Chen, B., & Stuart, A. (2026). Learning probabilistic filters with strictly proper scoring rules (arXiv:2606.26497). arXiv. https://
doi.org/10.48550/arXiv.2606.26497

Brunton, S. L., Proctor, J. L., & Kutz, J. N. (2016). Discovering governing equations from data by sparse identification of nonlinear dynamical systems.
Proceedings of the National Academy of Sciences, 113(15), 3932-3937. https://doi.org/10.1073/pnas.1517384113

Hirsh, 5. M., Barajas-Solano, D. A., & Kutz, J. N. (2022). Sparsifying priors for Bayesian uncertainty quantification in model discovery. Royal Society Open
Science, 9(2), Article 211823. https://doi.org/10.1098/rso0s.211823



Dynestyx is ready-to-use

e dynestyx provides the state-of-the-art in inference for

practitioners to use, helping to close a gap between theory and
application

e Algorithms are available for continuous & discrete time,
deterministic & stochastic processes

e We support control, learning of filters, and lots more

e Combine multiple tasks to model a system: simulate, estimate
and control

e The framework dynestyx creates implies new algorithms, and
an avenue for applying new methods



dynestyx

Questions?

matthieu@basis.ai

Paper GitHub

Waxman, D., Batenkov, D., Feser, ., Zane, A., Bingham, E., Marzouk, Y., & Levine, M. E. (2026). Dynestyx: A probabilistic programming
library for dynamical systems (arXiv:2606.16985). arXiv. https://doi.org/10.48550/arXiv.2606.16985
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Backup



There's lots left to do

e Our thesis: closing the theory-application gap will uncover a
wide array of new methodological work

= Applications will have their own difficulties, and we need methods
that effectively detect and address them

e We want to provide support to people who want to use
dynestyx
= Develop benchmarks based on challenges we see
= Develop diagnostics that can detect difficulties

= Ultimately, use our general framework + knowledge we gain to
develop new methods



The filter marginalizes out the states

p(e | yl:T) - /P(g,fﬂn;:{' | yl:T) dmO:T x p(ﬁ) p(yI:T | 9)

)
plyrr | 0) = fp(wo Hp vi | zk, 0) p(zk | TH_1,0) dzo.T « one integral over every state at
B once
/4
Hf p(yx | zx, 0) p(zk | Y11, 0) dai « the filter’s predict step: one
Ee1 ' integral per observation

e Every filter run already returns log p(y:.1 | 9) o N
e Each value of 4 is one filter run T 5] "
= S i \\
e The sampler now sees only ¢: in this toy, 1 g-41 S/ i Y
unknown instead of 1202 ‘e 6y i
= : \
i »

0.25 0.50 0.75 1.00 1.25 1.50 1.75
e

f: the EnKF's approximation. Dashed: true é.
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The price of a black box: no gradients

Problem Needs gradients Works with a black box
State inference EKF EnKF, particle filter
F’arameter NUTS, SVI F|Iter. likelihood + Bayesian optimisation,
inference gradient-free MCMC
COriEiG] Differentiating through MPPI
rollouts

e The interface is unchanged: we swap the method, not the model

e Nothing is lost in the wrapper: on the robot hand, dynestyx matches a
direct MuJoCo run to 10~7 in generalized positions



Robot: simulation
A robot hand lifts a cube

e Panda arm + Shadow Hand in MujoCo: z; € R™, a new observation every 10 ms
e Unknown ¢ = (un, m): hand-cube friction and cube mass

e Replay the recorded torques u.7 at other ¢: same torques, different outcome

result = dsx.simulate(make_dynamics(mu, mass), rng_key=key,
predict_times=ts, ctrl_times=ts, ctrl_values=u)

ur =03, m=0.2 uy = 0.5, m = 0.2 (true) un =10, m=0.2 un =05 m=01 ur =05, m=04

28



Robot: parameter inference

System identification given control inputs

e The same filter estimates the likelihood, with the states integrated out

6= arg mgxx log p(y1.r | 0, u1.7) + log p(9)

e No gradients, so Bayesian optimisation: 60 filter runs, about one minute

MAP estimate (un = 0.520, m = 0.205) Prior mean (y; = 0.800, m = 0.525)

N

Truth Prior mean MAP

ik 0.5 0.800 0.520

m[kg] 0.2 0.525 0.205

Truth with green ghosts: rollout at the MAP (left) and at the prior mean (right)



Control with uncertain states
The policy acts on a belief, updated online
Uty St = W(ﬁt—l, 3t—1)
Ty ~ P2t | 241, %,6) Control from filtered states
Y ~ (Y | T4, 1, 0)

ﬁt = FilterUpdate(ﬁt_l, Ut, yt)

» One argument changes: the policy now receives the filter's
belief

Control

e Any filter, including EnKF and particle filters on black-box
dynamics

0 10 20 30
Time step

= No control == Feedback =— MPC -- Latent truth

Linear example from the docs: stabilizing an

result = dsx.simulate(dynamics, rng_key=key, unstablgisysteEmITomAerEd stares

predict_times=ts, control_policy=policy,
filter_config=KFConfig(...))

a



System identification and optimizing the controller
The closed loop is differentiable, so gradients flow through

1. Learning the system 2. Learning the controller
i £\ 2 A ! 1 A
mgm; (z6,(0) — 25)",  wy, = mvpp1(,;0) min E[ﬁ mek + 0.1ut2k], u, = —K &,
k
def residual(theta, key): def cost(K, key):
dynamics = make_dynamics(theta) result = dsx.simulate(dynamics, rng_key=key,
mppi = make_mppi(dynamics) # uses theta ..., control_policy=LinearPolicy(K))
result = dsx.simulate(dynamics, rng_key=key, X, u = result.states, result.controls
.., control_policy=mppi) return jnp.mean(xx*2) + 0.1 * jnp.mean(ux*2)
return jnp.sum((result.states - x_ref) %k 2) grad = jax.grad(cost) (K, key)

grad = jax.grad(residual) (theta, key)

We learn the optimal K

— initial 8=5 =—referencef=1 — jnitial K=0.1 — |learned K=3.37
’~ f" f/ ,
2 | 0 T J _(,/\\\ "\%«f‘ /ﬂww‘\j
r\F
>< W
1 X 5]
noise sd 0.01

0 - —4 1

0 1 2 3 4 5 0 1 2 3 4 5

t t

Adapted from the dynestyx tutorials: control optimization, sections 4 and 5

3z



Open problem: closing the whole loop

Combination Status
Online control + state + parameter estimation Open
Control + state estimation, offline system ID Supported

ﬁt(iﬂt,g) zP(wtag | yl:taulzt)a Ut = ﬂ'(ﬁtﬁl)

e Dual control: each action must make progress and reveal ¢
e A static ¢ collapses online filters: ensembles lose spread, particles degenerate

e Contact and nonlinearity make beliefs non-Gaussian and multimodal

e Real-time budgets: expensive solvers, possibly different fidelities for filtering and planning

a3



The same pattern works for PDEs

» Control in a vortex wake: PhiFlow through the e Filtering 3D Navier-Stokes: 643 grid, 16°
same callback (128 x 64 grid, Re = 1000) observations, 7-member EnKF

Same model object, same dsx.simulate and Filter



To approximate or not to approximate

An example with discretization

Variational inference

¢ ~ HalfNormal(0.5) with Filter(ContinuousTimeEnKFConfig()):
o ~ N(0,1) guide = AutoNormal(model)

’ svi = SVI(model, guide, optax.adam(le-2),
dz; = Osin(z;) dt + dW; loss=Trace_ELBO())

result = svi.run(key, 300,

2
Y ~ N(z,0.1%) obs_times, obs_values)

0.6

1.3

35



Summary
e dynestyx is a unified interface to simulation, state inference,
parameter inference, and control

e One model description; state-of-the-art methods swapped
around it

e The filter is the link: integrating out the states gives p(¢ | y1.1)

e External solvers plug in as a transition, so simulators you
already trust can join the loop

e A common interface gives us a place to test the open problem:
online control, state, and parameter estimation together



